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INVERSE SEMIGROUP EQUIVARIANT AA-THEORY AND 

C'*-EXTENSIONS 

BERNHARD BURGSTALLER 


Abstract. In this note we extend the classical result by G. G. Kasparov that 
the Kasparov groups KKi{A, B) can be identified with the extension groups 
Ext(A,.B) to the inverse semigroup equivariant setting. More precisely, we 
show that KKq{A^ B) = Ext( 5 (A (g) }Cq,B ig) K.g) every countable, E- 
continuous inverse semigroup G. For locally compact second countable groups 
G this was proved by K. Thomsen, and technically this note presents an adap¬ 
tion of his proof. 


1 . 

In Theorem 7.1 of [5], G. G. Kasparov shows that for every compact second 
countable group G and ungraded separable G-algebras A and B (where A is nu¬ 
clear) there exists an isomorphism between the extension group Ext (A, A) and 
the Kasparov group KK^{A, B) := KK{A,B © B). In [11], K. Thomsen gen¬ 
eralizes this result to locally compact second countable Hausdorff groups G and 
ungraded separable G-algebras A and B by establishing an isomorphism between 
ExtG(A(8>/CG, A<8 >/Cg) and KKq{A, B), where /Cg = /C©/C(L^(G)). Very roughly 
speaking the proof is done by considering Kasparov’s proof for these more general 
groups G. Some unitaries which fall out due to G-equivariance during the process 
of equivalently transforming Kasparov cycles to another format called AA-cocycles 
are not averaged away, but kept as unitary cocycles and then transferred into the 
algebra /Cg by some equivariance theorems by J. A. Mingo and W. J. Phillips [5]. 

In this note we prove the analogous result for countable, A-continuous inverse 
semigroups G by adapting K. Thomsen’s proof. 

We will here not repeat Thomsen’s complete proof but only show the modifica¬ 
tions that have to be made when reading Thomsen’s paper for an inverse semigroup 
G. We will be mainly focused on details, leaving the greater context to the original 
paper by Thomsen. The only thing we have to observe and to take care of is the 
G-action. The definitions of equivariant AA-theory for groups and inverse semi¬ 
groups are very close, see Section|2l but the difference that gg~^ = I in a group but 
gg~^ is just a projection in an inverse semigroup, is unavoidable. The short answer 
of this note is that we shall make only the following modifications in Thomsen’s 
paper m-- 

• If one side of an identity contains an action ag but the other side does 
not, then we have to add to the other side. For example, o^g{x) = y 
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has to be changed to ag{x) = agg-i{y). This is obvious since ag looses 
information by projecting onto otgg-i. 

• A unitary cocycle has to be replaced by a cocycle in the sense of Definition 
14.11 It is obvious that we cannot work with unitaries. The unitary operator 
definition changes to a partial isometry definition with identical source and 
range projection. 

• The £^(G)-space has to be completely replaced by a compatible £^(G)-space, 
see Definition 18.41 Without a suitable change the algebra /C(i!^(G)) were 
no longer a G-algebra and the proof would break down. The construction 
of this compatible £^(G)-space requires however the inverse semigroup G 
to be E-continuous, see Definition 18.21 

More or less we could finish here our note, but we shall nevertheless discuss some 
of the modifications in detail to convince the reader that everything goes through. 

An important help, and a fact which is used again and again, is that the operator 
ttgg-i G ZA4(A) is always in the center of the multiplier algebra of a given G-algebra 
(A, a). This includes also the G-algebra of adjoint-able operators £(£) of a given 
G-Hilbert module E. In Thomsen’s proof ctgg-^ = I and so cigg-i is absorbed by 
any neighboring element via multiplication. In our proof ctgg-i often cannot vanish 
in its position, but since it is in the center, can move around within an expression 
until it is absorbed elsewhere, for example another presence of Ug through the 
identity agg-iag = ag. With that technique, Thomsen’s proof can be kept under 
the weaker assumptions. 

A different approach in generalizing Kasparov’s result to locally compact groups 
is given by J. Cuntz [4]. 

The structure of this note is as follows. The Sections [2] to [7] represent corre¬ 
sponding sections of Thomsen’s paper, with the same numbers and titles. There 
we discuss in each section the modifications that have to be performed in the cor¬ 
responding section in Section [2] includes also a brief summary of inverse semi¬ 
group equivariant KK-theovy, and Section [7] contains the above mentioned main 
result in Theorems 17.11 and [Ll The last Section [8] presents an appendix where 
we introduce the compatible £^(G)-space and adapt certain triviality results from 
Mingo and Phillips [9] for this £^(G)-space. 

2. The Busby-invariant in the equivariant case 

Let G denote a countable inverse semigroup. We shall denote the involution on G 
by g i-B- g~^ (determined by gg~^g = g). A semigroup homomorphism is said to be 
unital if it preserves the identity I G G and the zero element 0 G G, provided that 
the involved inverse semigroups are gifted with any of these elements. In this note, 
we shall however require none of them. We consider G-equivariant KK-theory as 
defined in [3] but make a slight adaption by making this theory compatible in the 
sense that we only allow for compatible Hilbert (bi)modules (cf. Definition l2.2|) . We 
are going to recall the basic definitions of KK^. 

Definition 2.1. A G-algebra {A, a) is a Z/2-graded G*-algebra A with a unital 
semigroup homomorphism a : G —>■ End(A) such that ag respects the grading and 
Oigg-i (x)y = xagg-i (j/) for all x,y € A and g € G. 
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Definition 2.2. A G-Hilbert B-module f is a Z/2-graded Hilbert module over a G- 
algebra {B, /3) endowed with a unital semigroup homomorphism G —> Lin(£’) (linear 
maps on E) such that Ug respects the grading and {Ug{^),Ug{r])) = /3g((^,??)), 
Ugi^b) = Ug{^)l3g{b), and Ugg~i{^)b = ^Pgg-iib) for all g e G ,77 e f and b&B. 

In the last dehnition, Ugg-i is automatically a self-adjoint projection in the center 
of C{£) (because adjoint-able operators are H-linear and Ugg-i{^)b = ^I3gg-i{b)), 
and the G-action G ^ End(£(f)) given by g{T) = UgTUg-i turns C{£) to a G- 
algebra {g £ G and T € £{£))■ A G-algebra {A, a) is a G-Hilbert module over 
itself under the inner product (a, 6) = a*b and U := (5 \= a in the last definition. 
A ^-homomorphism between G-algebras is called G-equivariant if it intertwines the 
G-action. A G-Hilbert A, B-bimodule over G-algebras A and i? is a G-Hilbert B- 
module £ equipped with a G-equivariant ^-homomorphism A £{£)■ The compact 
operators on a separable Hilbert space are written as /C, JC{£) C C{£) denotes the 
compact operators on a Hilbert module £, and G IC{£) the elementary compact 
operators 9x^y{z) := x{i), z) for all x,y, z G £. 

Definition 2.3. Let A and B be G-algebras. We define a Kasparov cycle {£,T), 
where f is a G-Hilbert A, H-bimodule, to be an ordinary Kasparov cycle (with¬ 
out G-action) (see [SI IZ]) satisfying UgTUg-i — TUgg~i S {S' S G(S)|aS, So G 
IC{£) for all a G A} for all g G G. The Kasparov group KK'^{A,B) is defined 
to be the collection 'Ep{A^B) of these cycles divided by homotopy induced by 
EG(A,H[0,1]). 

There exists an associative Kasparov product in KK^ as usual (see |3]). 

We list here some notions from One is given two ungraded separable G- 
algebras (A, a) and {B, 0). The G-algebra B is assumed to be weakly stable, that is, 
there exists a G-equivariant isomorphism {B,j3) = {B®1C,l5®idic). The multiplier 
and corona algebra of A is denoted by A4(A) and Q{A) := A4{A)/A, respectively. 

We remark that the identity A4(A) = Ca{A) for a G*-algebra A is often and 
freely used. (We recall that the isomorphism is given by mapping an operator 
T G Ca{A) to the double centralizer (T, T') € A4{A), where T'{a) := (T*(a*))* for 
all a G A.) In particular, M{B ® 1C) and Cb^k{B ® 1C) will be often identified. 

Definition 2.4. By using the ^-isomorphism At (A) = G(A), the multiplier al¬ 
gebra turns to a G-algebra (At(A), a) = (G(A),a) under the G-action a : G —>■ 
End(£(A)) determined by ag{T) := ag oT o ag-i for all 5 £ G and T G C{A) as in 
Kasparov [H 1.4]. 

Thomsen interprets ag as the strictly continuous extension of Ug from A to 
At (A). We shall however always use the aforementioned explicit formula in our 
computations. This G-action on the multiplier algebra induces a canonical G- 
action a : G —>■ End ((5(A)) on the corona algebra, which turns it to a G-algebra 
((5(A), a). The G-equivariant quotient map between multiplier and corona algebra 
is denoted by qa ■ At (A) —>■ (5(A). A G-equivariant =i=-homomorphism ip : A ^ B 
which is quasi-unital (i.e. span(/ 5 (A)it = pB for some projection p G A4(B)) 
induces a well-known strictly continuous ^-homomorphism p : At (A) A4(B) 

between the multiplier algebras, which once again induces a canonical G-equivariant 
^-homomorphism ip : Q(A) —>■ Q{B). 
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Definition 2 . 5 . An operator T G C.{£) on a G-Hilbert module S with G-action 
U is called G-invariant \iToUg = UgoT (equivalently, UgTUg^i = TUgUg-i or 
UgTUg-l = Ugg^lTUgg^l) for Ull S G. 

In case of a multiplier algebra, G-equivariance is also called as follows. 

Definition 2 . 6 . An operator in T £ Ai{{B,l3)) is called ^-invariant if T (and 
consequently T*) commutes with Pg for all g £ G (equivalently: Pg[T) = T/3g(l) 
or 'Pg{T) = Pgg-i (T) for all g £ G). 

The operators foi,V 2 £ M{{B,P)) always denote ,5-invariant isometries such 
that ViV* -t- V 2 V 2 = 1 (cf. [U Lemma 4.1]). They are used to form AT-theoretical 
addition in A4(B) = M 2 {M{B)). Note that we also write sometimes simply g for 
the action maps ag, Pg, Ug etc. 

In m Section 2] G-equivariant extensions of G-algebras A and B are introduced 
and identified with the set of G-equivariant *-homomorphisms from A to Q{B) 
Home (A, Q{B)). The theory of this section goes essentially literally through. The 
m Theorem 2.1] can be ignored since it is only a continuity statement and hence 
trivial under our setting. 

Theorem 2 . 7 . Discussion of [m Theorem 2.2]. 

Proof. To prove the G-equivariance of a certain ^-isomorphism k : Ei ^ E 2 ap¬ 
pearing in the diagram of |111 Theorem 2.2], we check first that it is A-equivariant. 
Let p G E and write p^ = \ — p. Then by the diagram of m Theorem 2.2], 
p-^Kp{Ei) C j 2 {B) and pK~^p-^{j 2 {B)) = {0}. Hence, pK~^p-^ op^np = 0. Notice 
that K~^p'^K is a self-adjoint projection in Cei{Ei), and hence commutes with p, 
whence pK~^p-^ = 0. Similarly p-^K~^p = 0 and so k~^ intertwines p. 

Let g G G. We set then, as in Thomsen’s proof, p := : gg~^Ei 

gg~^Ei (also the maps ji and pi in the diagram of the proof of [HI Theorem 2.2] 
have to be restricted to ji : gg~^B -G gg~^Ei and pi : gg~^Ei —>■ gg~^A) and 
deduce that /i = idgg-iE^- Hence 7 ^ o k = k o 7 ^. □ 

3. The equivariant extension groups 

Summing up [11] Section 3], for given G-algebras A and B an addition is in¬ 
troduced on the set Bou\a{A,Q[B)) (which, recall, encodes extensions) and equiv¬ 
alence relations are imposed on it. Two abelian extensions groups ExtQ{A, B) 
and Ex.t^{A,B) come out, and it is shown that the canonical map ExtG(A,H) —>• 
ExtQ(A, B) is surjective. 

In this section we have to modify the definition of unitary equivalence as follows. 

Definition 3.1. Two G-extensions Pjfj G HomG(A, Q{B)) are said to be unitarily 
equivalent if there exists a unitary u G A4{B) such that for all g £ G 

1 . Pg{qB{u)) = Pgg-T.{qbiu)), 

2 . (Ad qB{u)) oip = pj. 

Note that we made the only obvious modification in Definition 13.11 that Pgg-i 
was added in point 1. The construction of certain equivariant paths of isome¬ 
tries and unitaries in m Lemma 3.3] work also inverse semigroup equivariantly. 
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(Note that the unitary here has nothing to do with the fact that group actions 
are realized by unitaries.) In the statements and proofs of Lemma 3.2, Lemma 
3.4 and Proposition 3.5 of Thomsen’s paper the identities l3g{qB{X)) = qsiX) 
and /3g{X) = X, respectively, for X = V,U, S, W, W 2 , Ut,u have to be replaced by 
PgiqsiX)) = l3gg-i{qB{X)) and Pg{X) = l3gg-i{X), respectively. All these modifi¬ 
cations are obvious. The extra terms and Pgg-i may then slightly alter some 
computations, but since we shall demonstrate various similar computations in the 
next sections we omit presenting further details in this section. 

4. An APPROPRIATE PICTURE OF KK^ 

Summarizing Section 4 of the notion of the one-sided graded Kasparov 
group KKq{A, B) := KK’^{A, B 0 B) is defined, and another group KKq{A,B) 

of equivariant A, B-ATAT^-cocycles is introduced. An isomorphism KKq{A, B) = 
KKq{A, B) between both groups is then established. 

In this section Thomsen recalls the definition of /LAT'^-theory, for which we use 
Definition 12.31 The definition of a Kasparov cycle {£,T) £ E^{A,B) requires that 
{g{T) — Tgg~^{l))a G IC{£) for all a G A and g £ G. Thomsen remarks that we 
can drop here a at all and require the stronger version 

(1) g{T)-Tgg-\l) £ JCi£) 

for all Kasparov cycles without changing KK'^-theory. This is true also in our case 
as pointed out in [2]. In Section 4 Thomsen introduces the notion of a unitary 
cocycle, for which we have to use the following modified version (as already pointed 
out in [2]). 

Definition 4.1. Let (i?,/3) be a G-algebra. A unitary j3-cocycle is a map u ■. G 
M.{B) such that 

/3gg-i = UgUg, '^gg~^ ~ ^gh — '^gl^gi'^h) 

for all g,h £ G. 

This definition implies that Ug is a partial isometry with identical range and 
source projection. Furthermore, we have the identities 

(2) f3gg-l = UgUg = UgU*g = Ugg-l Rnd j3 g{u g-l) = Ug 

for all g £ G, see [21 Lemma 3.3]. Thus, in our setting it would be more natural 
to simply speak about “/3-cocycles” instead of “unitary /3-cocycles”. Informally we 
remark that a unitary ,0-cocycle will be used to combine it with the G-action /3 
to form a new G-action g (Ad Ug) o /3g on M{B). Cocycles come into play as 
ballast under some transformations of Kasparov cycles which are not G-equivariant, 
notably in El Theorem 4.3] as it : G — M{B). 

The definition of an equivariant A, B-KK^-cocyc\e changes slightly: 

Definition 4.2. An equivariant A^B-KK^-cocycle is a triple consisting of 

a ^-homomorphism tt : A — Ai{B), a unitary /3-cocycle 1 ; : G —>■ M.{B) (Definition 
I4.1[l and a projection p £ M{B) such that 

1 . [XAvgO j3g){'K{a)) = 71(03(0)) (VaGA,gGG) 
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2. {Ad Vg O I3g){p) - I3gg^i{p) e B(8>/C (Vg e G) 
d. pTT{a) — TT{a)p G B®1C (Va G A). 

Only the additional operator jdgg-i in the second point and the usage of the 
modified notion of /3-cocycles have changed. These KK^-cocyc\es are also called 
triples in m- The definition of a degenerate cocycle has to be similarly slightly 
and obviously adapted as follows. 

Definition 4 . 3 . An equivariant A, B-KK^-cocycle {'K,v,p) is called degenerate 
when 

(3) {AdVgOPg){p) = Pgg~l{p) (VC/GG), 

Ptt{-) = tt{-)p. 

The sum of AT AT ^-co cycles is realized by any pair (Vi, V 2 ) of G-invariant isome¬ 
tries in A 4 (B) such that +V2V2 =1. 

Lemma 4 . 4 . In [m Lemma 4.2] Thomsen shows that the sum of an A,B-KK^- 
eoeyele with a degenerate A^B-KK^-eocycle is homotopic to itself. 

Proof. In accordance to (l3|), we only have to alter the line 

Im Ad [StUgSf + TtVgTf] o ^g{StqS; + T^pTf) - {S^qS; + T^pTf) 

in the proof of m Lemma 4.2] to 

lim Ad [StUgS: + TtVgTn o ^^{StqSl + T^pTf) - {StqSf + T^pTf). 

□ 

Lemma 4 . 5 . After m Lemma 4.2], Thomsen defines a map <i> : KKq{A, B) 
KKq{A,B) by setting 4>[7r,u,p] = [As, tt, 5 ”^], where Eb := B (B B, 7r = 7r07r 
and Sp{bi,b2) = {{ 2 p — l)6i, (1 — 2 p)b 2 ) for 61,62 G B. The Hilbert module Eb is 
endowed with the G-action Vg := Vg( 3 g. 


Proof. Let us check that [Ab,?!, S'p] is a Kasparov cycle, where we only need to 
bother about the G-action. That (As,?!) is a G-Hilbert bimodule we have already 
discussed in [2]. So let us only check identity g{Sp) — Spg{l) G IC{Eb) from ([T]). 
We have, by considering only the first factor B of Eb, 


VgSpVg-l{bl) 


Vgl3g{{2p - l)Vg-lPg-l{bl)) 

‘^'<JgPgip)Pg{Vg~^)l3gg-^{bl) “ Vg'^g{Vg-l)/3gg-l{bl) 

2 (Ad VgOPg){p)l3gg-.l{bl) - VgV*l3gg-l{bl) 
2p/3gg-i(6i) -/3gg-l(6l) = SpVgVg-l{bl) 


■'99 

_ ^9^g ~ ygg 

by using that /3 is the extension of (3 from B to M{B). 


for all 61 G A, because I3g{vn 


— ^p^gVg- 

VoVi. = (3gg-i (see ©), by Definition 14.21 and 


□ 


The proof of [TTJ Theorem 4.3] is very similar to that of [TUI Theorem 3.5] and 
was discussed inverse semigroup equivariantly in [^ Theorem 4.4], so we omit a 
rediscussion. 


Lemma 4.6. We discuss [11] Lemma 4.4]. 
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Proof. Thomsen notes that an application of Kasparov’s [6j Lemma 6.1] yields 
a unitary in T G M2{A4{B)) which is G-invariant in Kasparov’s case but only 
G-invariant modulo compacts in Thomsen’s case. Similarly, when inspecting Kas¬ 
parov’s proof of his lemma (the G-action on Ai{B) is vfi and T is derived from the 
operator of a Kasparov cycle), in our case G-invariance of T means (according to 
Definition 12.3p that 


0 


2 ] Pg® idM 2 (T) 



0 A 


(o 

(-g)V 

-t( 


''>^gPg 




lies in M 2 {B). Recall that Vg and Wg are partial isometries with source projections 
v*Vg = l3gg-i = /3g(1) = {Wg)*Wg G M{B) iu thc center of M{B) by ([2]). Hence we 
then also obtain easily relation “3.” of m Lemma 4.4]. □ 


5. Twisted G-extensions and KK'^ 

The aim of m Section 5] is the introduction of a twisted extension 
group F,xtc,t{A, B) and the establishment of an isomorphism ExtG,t(4l, H) = 

KKq{A,B). Moreover, is is pointed out that two elements in ExtG.i(^, S) are 
identical if and only if their representatives are homotopic. 

The notions of twisted extensions, unitary equivalence of twisted extensions, and 
degenerate twisted extensions need not be formally altered, excepting the implicitly 
self-evident fact that we have to use the modified notion of /3-cycles of Definition 
14.11 In the proofs of this section we have however slight adaption. 

At first let us observe that unitary equivalence between two twisted extensions 
((/?, u) and (//’,f), where ifyif : A ^ Q{B) are G-equivariant =i=-homomorphisms and 
u, V are /3-cocycles, is an equivalence relation. Equivalence is defined through the 
existence of a unitary u G A4{B) such that AdqBiu)oip = ip and Vgj3g{u) —uug G B 
for all g € G. Let us demonstrate symmetry of the second relation. Taking the 
second relation for granted, we get 

B 9 'Pg-i{Vg'Pg{u)-UUg)* = ^g-i(fig{U*)Pg{Vg-l )-^g{Ug-l)U*) 

= U*l3g-lg{Vg-l) -Ug~ll3g-l{u*) = U ^ Ug - 1 - Mg - 1 /S^ - 1 (U ^ ) 

by identities (ED, the compatibility of the /3-action, and the fact that /3g-ig(Mg-i) = 
Pg-^g'^g-^^g-^g = ^y /3g-ig = Mg-iM*„i by identities ED, as required. 

Proposition 5.1. Between [n Lemma 5.1] and [n Lemma 5.2], Thomsen shows 
that there is a group homomorphism A : Exto^t{{A,a), {B, —> KKq{A, B). 

Proof. Thomsen considers a twisted extension (<^,m) G Extent (A, i3), where p : 
A Q{B) is a G-equivariant ^-homomorphism and u a /3-cocycle. Then an inverse 
twisted extension {ip,v) G ExtG,t(A,i3) to this one is chosen, that is, there is a 
degenerate twisted extension {X,w) G Exte,t(A,i3) such that {(p + ip,u + v) is 
unitarily equivalent to (A, w). One deduces that there exists a unitary T G A4{B) 
such that 


Ad qb{T) o {ip + Ip) = X, 

WgPg{T)-T{ViUgVf+ V2VgVf) &B (Vi/GG) 



8 


BURGSTALLER 


in Thomsen’s paper as well as here as the formal definitions around twisted exten¬ 
sions are unchanged. Then Thomsen states that one has 

kAwg0^g{TViV^T*) 

(4) = MToM{u + v)go'Pg{yiV^) = TViV{T* {g € G) 

in M{B) modulo B. This changes in our setting. We compute in M{B) modulo B 

MwgO^^(TV,V^T*) = Wg-pg{T)V^V*^g{T)*wl 
= T{ViUgV,* + V2VgV*) ViV,* (Viu;V,* + V2V*gV2*)T* 

= TViUgu;v;T* = ^gg-iTViV,*T*/3gg-i = ^gg-^ {TV^V^T*), 

because /3gg-i = UgU*, see m, is in the center of M{B). So we have an additional 
Pgg-i in identity (HI). Hence {X,w,TViViT*) is a KK^-cocyc\e in the sense of 
Definition 14.21 where A : H —>• M{B) is so chosen that X = qs ° X and AdrCg o (3^0 

A = A o ckg. This KK^-cocyc\e can be interpreted as an element in KKq{A,B) 
(homotopy classes of K{A, B)-cocyc\es). 

To see the well-definedness of the just constructed assignment ExtG,t{A, B) 

KKq{A,B), Thomsen considers another pair (A^, S ExtG,t{A, B) in¬ 

stead of {iIj,v),{X,w) € ExtG,t{A, B). To the other pair is associated a unitary 
G A4(B) instead of T. There are shown the existence of homotopies 

(X^,w\T^ViV]*T^*) - (g,w^,TViV{T*) ~ (X,w,TViVi*T*), 

where S = TT^*, g = Ads' o A^ and = SWgf3g{S*) S M.{B). Let us check that 

{fi, TViViT*) G KKq{A, B), so is a triple in the sense of Definition 14. 2 1 Using 
that /3gg-i is in the center of Ai{B), we have 

Ad wg o/3g o fi{a) = Ad SwgPg{S*) o f3g o Ad S o X^(a) 

= SwlPgS*f3g^il3gS'^{a)S*(3g^ipgS(3g-.wl*S* = g{ag{a)), and 

Adwlo^g{TV,V,*T*) = Swlf3gS*l3g-if3gTViV,*T*f3g-^f3gSf3g^iwl*S* 

= TT^*wll3gT^T*TViVi*T*TT^*Pg-iwl*T^T* 

= TT^*~Pgg-i{T^ViV^T^*)T^T* = ~Pgg-i{TViV^T*) modH0/C. 

This proves the first two relations of Definition 14.21 and the third one is similar. 
The verification of the remaining parts is technically very similar to the last com¬ 
putations and thus we omit a further discussion. □ 

m Lemma 5.2] goes through unchanged. 

Theorem 5.2. In m Theorem 5.3] it is remarked that the map A : 
ExtG,tiiA,a), (B, P)) -P- KKq{A,B) is an isomorphism. 

Proof. The proof goes through unchanged. We only inspect the surjectivity proof, 
where from a given A,B-KK^-cocyc\e {tt,v,p) a ^-homomorphism : A —)> Q{B) 
via (p{a) = qB{Tr{a)p) and then a twisted extension ((/?, v) G ExtG,t(A, B) is defined. 
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Checking that it is a twisted extension, we compute 

MqB{vg)o|3g0^p{a) = qB{Mvg^g{Tr{a)p)) = qB{vg f5g{TT{a))Vg f3gg-i{p)) 
= <lB{vgPg{Tr{a))v*g)qB{p) = piag{a)) 

by Definition 14.21 and Pgg-i = VgV* (identities ([2])). □ 

Also m Theorem 5.5] goes essentially through unchanged and involves only 
similar verifications and computations already having been demonstrated. 

6. Removing the twist 

The aim of this section is the construction of a connection between twisted and 
untwisted extension groups, see Lemma [ 6 ^ below. Here the paper [9] of Mingo and 
Phillips is essential and its adaption to inverse semigroups is presented in Section 
[ 8 | as an appendix. 

Lemma 6.1 (Cf. Lemma 6.1 of [H]). We discuss here [HI Lemma 6.1], whose 
statement changes slightly. Obviously, in the statement of [111 Lemma 6.1] we have 
to use the identities 

Pg{QB{u))il}i{a) = (3gg~i{qt{u))tj}i{a), 

fdg ® idMi{qMi(B)iUt)) = {qMi(B)iUt)) 

instead of the corresponding identities in Thomsen’s paper without the appearances 
of the j3gg-i expressions. 

Proof. In the proof of m Lemma 6 . 1 ] the identity [TTl ( 6 . 1 )] changes to 
j5g®idM-i{<lD[S))%l;i[a) = Pgg-i 0 (g£)(S'))'0i(a)- 

The function (p appearing in m takes the new form (p{g) = j5g ® idM^ (S) — 
/3gg-i 0 idM^iS)- Thomsen then applies Kasparov’s technical (Tj Theorem 1.4], for 
which we use the corresponding and quite similar technical [S] Theorem 5.1] (the 
function tp there has to be ignored). 

In item “2.” of the proof of [11] Lemma 6.1] we must replace the occurrences 
Pg®idMAY)X - YX by 

fdg 0 idMAY)X - Pgg-i 0 idM2{Y)X 

for Y = S, SS and X = x, xS. The application of Kasparov’s technical theorem 
yields positive elements m,n G M{D) satisfying 

fdg 0 idM 2 {bb) - fdgg-^ 0 {bi), ffg 0 {s)n — Pgg-i 0 i^Ma {s)n, 

n/3g 0 z^Ma (S) — nfigg-i 0 idm^ {S) G D 

rather than the corresponding relations without the appearance of ffgg-i 0 zdMa 
in Thomsen’s paper. □ 

Assume from now on that G is E-continuous! 

For the definition of Fi-continuity see Definition |S2] or Lemma 15751 From now on, 
everywhere where Thomsen uses the G-Hilbert space Lf{G) with its right regular 
representation we have to use the G-Hilbert Go(Ar)-module P{G) defined in Def¬ 
inition 18.41 (there we need A-continuity). For simplicity, we shall thus also switch 
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to the notation L'^{G) := P{G). The actions on C{L'^{G)) and /C(L^(G)) are the 
usual induced ones. For every G-Hilbert H-module or G-algebra £, L'^{G) ® f in 
Thomsen m has to be replaced by the compatible tensor product L‘^{G) £ 

(cf. Definition 18.71) . and likewise K.{L‘^{G)) ( 8 ) in Thomsen [n]by/C(L 2 (G))®^£: 
here. Every occurrence of the Hilbert space C in m has to be substituted by 
the G-Hilbert Go(X)-module Go(^). This also includes, that we shall substitute 
the compact operators on a separable Hilbert space, JC, with its trivial G-action 
by the G-algebra IC{Go{X)°°) and write the G-algebra 1C ® A isomorphically as 
K,® A = /C(Go(X)°°) A as G-algebras. (The isomorphism is of course given by 
Cij <E> a 1 -^ 0.(i) .(j) ( 8 ) a (position i and j).) 

^Co(X)’-^Co(X) 

Analogously as in Thomsen m one defines the G-algebra 
ICg := IC{Co{Xr) ®^1C{L\G)). 

For convenience of the reader, and since we are using a different L^(G)-space in 
our setting which requires higher attention if indeed everything works, we shall lay 
out more details and larger parts from Thomsen’s proof than above in the rest of 
this section. 

Lemma 6.2 (Cf. Lemma 6.2 of [H]). Let m)] G ExtG,t{A, B) he a twisted exten¬ 
sion. Write p for the G-aetion on Xg- Then there is a unitary w G Xg) 

such that 

(5) w{Ug ^ljCG){Pg Pg) = {Pg Pg)w. 

Proof. Let the G-action on Lp{G) (see Definition l8.4l) be denoted by r. We have two 
G-actions on B^®^ Lp{G), namely pg := {ugPg)°°®Tg and Vg := {Pg)^®Tg for g G 
G. The two corresponding G-Hilbert H-modules B°° L^{G) are G-equivariantly 

isomorphic by Lemma [ 8 ^ Hence, there exists a unitary v G Cb{B°° L'^{G)) in¬ 
tertwining the aforementioned two G-actions. Consider the isomorphism of Hilbert 
H-modules, see Kasparov O Theorem 2.1], 

7 : Cb{L^G) (8^ ^ M{X{L^{G) B°°)) : 7(r) = (Ti,r2), 

where {Ti,T 2 ) is the double centralizer given by Ti{9x^y) = Srx.y and T 2 { 0 x^y) = 
Ox,T*y for x,y G LP{G) B°°. 

Note that 7 is G-equivariant for both actions induced by p and v, respectively, 
on the domain of 7 , and their corresponding induced actions on the range of 7 , 
respectively, since 

(ll(^))l(^3;,y) ^gTg~^x,y ^gTg^^x.gg~^y 9 ^ Ti O g {Px,y') 

by compatibility of the inner product (i.e. gg~^{x, y) = {gg~^x, y)) and the identity 
giOx,y){z) = g{x{y,g-^{z))) = Og^^gy{z) 
for all 5 G G and x,y,z G L^{G) B°°. Notice that 

X{L^{G) B°°) ^ X{L^{G)) 8^ X{B°°) ^ X{L‘^{G)) {X 8 B) 

^ X{L\G)) {X{Co{X)°°) B) ^ Xg B 

isomorphically as G-algebras by P.-Y. Le Gall [U Proposition 4.2.(a)]. We may thus 
identify the range of 7 with A4{B 8^ Xg)- 
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Set w := jiv). Recall that vfig = VgV. Hence VgVVg-i = vfigVg-i. Since 
fj.gi^g-~i = (%® l)(/3gg-i ^Pgg-i), we obtain from ^{vgVVg^i) = ^{v)^{^igVg^i) that 

{I3g® Pg)w{l3g-1 ® Pg-l) =w{UgPgg~-l ®Pgg~l). 

Multiplying from right with j5g® pg, and noting that /3g-ig ® Pg-^g is in the center, 
yields the claim. □ 

Definition 6.3 (Cf. [11] after Lemma 6.2). For a G-algebra (G, 7 ) and a homo¬ 
morphism ip G Home (A, Q{B)) we denote by (p®idc € HomG(A(g)^G, Q{B®^ C)) 
the canonical map <p®idc{a ® c) = qg^{ip{a)) ® c + B C. 

Lemma 6.4 (Cf. [11] after Lemma 6.2). For every twisted extension [(ip,u)] G 
Exte^ti^, B) choose a unitary w G A4(B ICb) according to Lemma 1 6. 2[ Then 
there exists a homomorphism 

0 ; Extc,t{{A, a), (i?,/3)) ^ ExtG{A ICg, Q{B ICg)) 
defined by 0([(^,it]) = [AdqB(^xf^^{w) o {(p®idica)]- 

Proof. Recall from Section 5 of m that ExtG,t consists of twisted extension divided 
by the equivalence relation ~ that two twisted extensions 61,62 are equivalent if 
adding both with two (possibly different) degenerate twisted extensions, then they 
are unitarily equivalent, and finally considering in this quotient space only invertible 
extensions with respect to addition (direct sum of extensions). The extension group 
Exte is defined analogously, without the word “twisted” everywhere. 

At first we are going to prove that Q{ip, u) is indeed in Exte- For T £ A4{B 
ICg) we have 

Ad(r(;) o Ad(ug ® Ijca) o Pg ® Pg (T) 

= w(ug ® 1 k : g )(/39 ® Pg)T(l3g-i ® pg-i){u*g ® 1 kg)w* 

= {I 3 g ® Pg)wTw*w{ug^i ® lK;G)(^g-i (81 Pg-^)w* 

= Wg ® Pg)wTw*{l3g^i 0 Pg-i) 

( 6 ) = fig® PgO Ad(w) (T) 

in M{B ®^ ICg) by Lemma IQ] and ([2]). Since {p, u) is a twisted extension, and so 
AdqBiug) o jdgO p[a) = p{ag{a)), see [11] Section 5], we get 

AdqB^x^g,{ug ® Ik.g) ° Pg® Pg^iF^idKc) = iT®idicG)°io'g® pg). 
Applying Adg^^x^Cc (^) ^bis identity shows with identity (| 6 |) that 

(7) AdqB(g,XK:G{w) o {p®idicG) € Roirg{A®^ ICg,Q{B ®^ K-g)), 

in other words, this map is G-equivariant. Hence, 0(p,u) is in Extc- 

If (p, u) is a degenerate twisted extension, that is, Ad(ug) o/3g o p{a) = p{ag(a)) 
with p G Hom( 3 (A, Al(il)), see [TT| Section 5], then similar as above we achieve 

Ad{w) o [pi^idicG) € HomG(A 0 ^/Cg, Af (H 0 '^/Cg))- 

In other words, if [p,u) is degenerate, so is Q{p,u). 
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Our next aim is to show that 0 respects unitary equivalence. Assume that two 
twisted extensions {(p, u) and v) are unitarily equivalent, {(p, u) = {ip, v), see [ 11 ] 
Section 5]. That means, that there exists a unitary s G A4(B) such that 

( 8 ) AdqB{s)op = ip, VgPg{s) - sug G B 

for all g GG. Let t G M{B ICq) denote the unitary w for the twisted extension 
{ip,v) from Lemma Th.21 From (I5|) it follows 

(8> Ikg)w*) o AdqB 0 Xic^{w) o {p^idjcc) 

( 9 ) = AdqB0Xic^{t) o {ip^idtcc)- 

Moreover, computing fdg (g) Pg{w*) = (/3gg-i 0 Pgg~i){u*g 0 l)w* by multiplying dSj) 
from the right with pdg~i 0 pg~i and taking the adjoint, and similarly computing 
Pg 0 Pg{t) = t{vg 0 l)(/3gg-i 0 Pgg-i), wc huvc foc ull 771 S M{B) uud k G Kg (in 

M{B®^ Kg)) 

{Pg ® Pg{^{s ® 1 )^^*) “ Pgg-^ ® Pgg-^ (^(■s 0 l)w*)'jw{m 0 k)w* 

= (^t{Vg 0 l)Pg ® Pg{s^ l) (u* 0 ijlC* - t{pigg-l (s) 0 Pgg-1 (l)) w{m 0 k)w* 

= t(^{vgl3g{s)ulm-j3gg--i{s)m) ®'Pg{l)k'^w* G B®^Kg 

by the fact that VgPg{s)u* — fdgg-i{s) S B by ([5|) and ([I]). 

The last computation shows that 

Pg® Pg(qB(SXic^ (t(s0 l)w*)) AdqB^xic^{w) O [p^idjCc) 

(10) = ^gg-i 0Pgg-i(gB0x^^(t(s0l)w*)^ AdgB^XK^(w;)o((^(8)^d,CG)• 

An application of Lemma 16.11 to identities m and (ITUl) (recall (0) shows that 
Q{p,u) + 0 (sum operator, cf. [TT] Lemma 3.1]) and 0 + 0{ip,v) are unitarily 
equivalent in the sense of Definition 13.11 

We leave the verification of the last claim, that 0 respects direct sums, and 
so also invertible elements go to invertible elements, to the reader by verbatim 
following the corresponding proof in the last part of m Section 6 ]. □ 

7. EQUIVARIANT ATiL-THEORY AND C*-EXTENSIONS 

The aim of m Section 7] is the proof of the main result, the identification of 
extension groups with Kasparov groups, see Theorems 17.II and 17.21 

Again, in this section we must replace the tensor products A 0 Kg and so on 
by the balanced tensor products A 0^ Kg and so forth. For the discussion in El 
Section 7.2] we remark that Kg is equivalent to C'o(A) in KK^. This was proved 
in (T] Proposition 5.14]. (Note that K{L‘^{G)) is equivalent to K{L‘^{G) 0 C'o(A)) 
which is equivalent to K{Go{X)) in KK^.) 

We begin by restating the main results of Thomsen’s paper, slightly adapted to 
our setting. These are, of course, also the main results of this note. Recall from 
m Section 4] that KKq{A, B) := KK^{A, B 0 B), where A and B are trivially 
graded and i? 0 B is obviously graded by the flip operator. 
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Theorem 7.1 (Cf. Theorem 7.1 of [TT]). Assume that G is a countable, E- 
continuous inverse semigroup. We may identify the KKQ-groups with the extension 
groups of the stabilized G-algebras. More precisely, for all ungraded separable G- 
algebras A and B, where B is stable, we have 

KK^{A,B) ^ ExtG{A®^ K.g,B Kg) = Ex1^{A(g)^ ICg,B (g,^ Kg) 
^ ExIgM.B) ^ i^g(.a,b). 

The last two isomorphisms are a restatement of [TTl Theorem 4.3] and [111 The¬ 
orem 5.3]. Of course, the first two isomorphisms hold also for unstable B. The 
following theorem just states that the second isomorphism is canonical. 

Theorem 7.2 (Cf. Theorem 7.2 of [11]). Assume that G is E-continuous. Let 
ip,ijj G HomG^Ag^ Kg,Q{B 0^ ^g)) be invertible G-extensions. Then [p] = [-0] 
in ExtG{A0^ Kg, B 0^ Kg) if and only if p and ip are homotopic, that is, there is 
an invertible extension $ G HomG^A 0^ Kg, Q{IB 0^ Kg)) such that ttq o ^ = p 
and TTl o <I) = 0. 


Lemma 7.3. (TT) Lemma 7.3] holds verbatim. (Recall that an operator u G 
M{{A, a)) is cS-invariant if ag o u = u o ag for all g G G.) 


Proof. In m Lemma 7.3] we have to alter two lines in its proof. We have to take 


/3g 0 idM2 




pigg-i 0 idM2 



1P(U*)) 


X 


and 


instead of the corresponding identities without appearance of f3gg-i0idM2 in 
Thomsen’s paper. Of course, instead of m Lemma 6.1] we have to apply Lemma 
IG.ll in the proof. □ 


Most of the remainder of Section 7 of Thomsen’s paper after m Lemma 7.3] is 
dedicated to the following lemma stated at the beginning of m Section 7.3]. 

Lemma 7.4. There exists a well-defined, injective map 

K : HomG {A 0^ Kg, Q{B 0^ Kg)) / ~ 

—>■ HomG{A0^ Kg 0^ Kg,Q{B 0^ Kg 0^ Kg))/ 

given by [ip] i—>■ [ip0idjca], where ~ denotes the equivalence relation on 
HomG{A, Q{B)) whose quotient defines the set of invertible elements called 
ExtG{A, B). 

Proof. As in Thomsen m we remark that k is similarly defined like 0 of Lemma 
[Ql and so the proof that k is well-defined is similar as the corresponding proof 
there by an application of Lemma 16.11 

After (TT] Lemma 7.3] Thomsen considers the G-equivariant Hilbert space C 0 
Lf{G) which in our case turns to the G-Hilbert Go(A')-module Go(A')0L^(G) with 
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diagonal G-action t + (A, ip) := g{X) © g{ip) for all 5 € G, A € Co{X) and ip € L‘^{G). 
This induces a canonical G-action on the G*-algebra 

IC+ := /C(Go(X)“) ©^/C(Go(X)©l2(G)). 

We proceed then as in Thomsen’s paper after El Lemma 7.3]. Thomsen con¬ 
siders a similar map, k"*" say, which replaces the new copies of ICq th® i™" 
age of K by ICq and maps \ip] to [iP®}Cq]. A G-invariant projection e G KXq 
is chosen for which we take e := en © en G ICq where en = (^ico(x)Aco(x) ^ 
)C{CoiX) © L^(G)), /C(Go(Al)°°) denotes the corner projection. By Corollary 18.101 
we may choose a G-invariant isometry V G M{B Xq ©^ Xq) such that 
VV* = ® We can then literally proceed as in Thomsen’s pa¬ 

per to show that k"*" is injective. Also the remaining proof where it is shown 
that K is injective goes verbatim through in our setting (with only obvious adap¬ 
tion as taking A ©^ Xq rather than A © Xg)- A certain G-invariant isometry 
W G M{A ©'^ Xg ©^ Xq) with range projection Im{a®^Kg<»^k.g) again 

chosen by Corollary 18.101 □ 

8. Adaption of a paper of Mingo and Phillips 

In this section we introduce the compatible £^(G)-space ^(G) for an inverse 
semigroup G which replaces the corresponding classical space for groups with its 
regular representation. This new notion is necessary for ^(G) to become a G- 
Hilbert Go(Ai)-module, and so particularly £(£^(G)) a G-algebra. The classical 
£^(G)-space would not become a G-Hilbert C-module. Moreover, we restate some 
central results from the paper of Mingo and Phillips [5] for this new £^-space. All 
from this section is actually taken from [ 1 ]. 

Definition 8.1. Define X to be the locally compact Hausdorff space and Gelfand 
spectrum of the commutative G*-algebra C*{E) which is freely generated by the 
commuting, self-adjoint projections e G E. That is, Co{X) = C*{E) via Ig <->■ e for 
all e G i? (so we identify in our notation the projection e with its carrier set in X). 
We turn this G*-algebra to a G-algebra under the G-action g(le) '■= Igeg-i for all 
g G G and e G E. 

In the next few paragraphs (until Lemma 18.5p we shall identify elements e G 
E with its characteristic function le in Go (AT). Write Alg*(A) for the dense *- 
subalgebra of Go (A") generated by the characteristic functions le for all e G E. 
Moreover, write \/^ fi : X ^ <C for the pointwise supremum of a family of functions 
fi : X —>■ C. We shall use the well-known order relation on G defined by 5 < /i iff 
g = eh for some e G E. 

Definition 8 . 2 . An inverse semigroup G is called E-continuous if the function 
V{e G E\e < g} G (in precise notation: V{le £ C'o(A')| e G E, e < g} G C^) 
is a continuous function in Gq{X) for all g G G. 

Lemma 8.3. An inverse semigroup G is E-continuous if and only if for every g G G 
there exists a finite subset F C E such that \/{e G E\ e < g} = \J{e G F| e < g}. 

Proof. If \/{e G E\e < g} = Ik G Gq{X) for a clopen subset K C X then K 
must be compact. Hence K = 1J{ carrier(Ie) GX\eGE,e<g} allows a finite 
subcovering. □ 
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Definition 8.4 (Compatible L^(G)-space). Let G be an G-continuous inverse semi¬ 
group. Write c for the linear span of all functions (/Jg : G —?> C (in the linear space 
C*^) defined by 

‘Pgit) := l{i<g} 

(characteristic function) for all g,t G G. Endow c with the G-action g{'~Ph) '■= ^gh 
for all g,h G G. Turn c to an Alg*(G)-module by setting := e(^) for all ^ € c 
and e G E. Define an Alg*(£')-valued inner product on c by 

(11) iv’gj^Ph) ■■= \/{eGE\eg = eh,e<gg~^hh~^}. 

The norm completion of c is a G-Hilbert Go(X)-module denoted by P{G). 

We discuss the last definition. At first notice that {(pg,(fih) = gg~^\/{e G E\e = 
ehg~^} (observe that e = ehg~^ implies e < hg~^gh~^), so that by A-continuity 
{(pg,(ph) is in Go{X) and actually even in Alg*(i?) by Lemma 1831 and e € G in (fTTI) 
can be replaced \yy e G F for some finite subset F C E. The identities {ipg, (ph) = 
{ph,Pg), {Pg,Phf) = {Pgf^Ph) = {>fg,Ph)f, j{{pg,ph)) = {j{‘fg),j{'fh)) for all 
g,h,j G G and f G E are easy to check. We note that dm is positive definite. 
Indeed, assume {x,x) = 0 for x = ^iV’gi with nonzero Xi G C and gi G G 
mutually different. Choose gj such that no other gi satisfies gjgJ^ < gig^^■ Hence, 
(ipg.,(fg.) = gjg~^ but {pgi,Pgk) ^ g^gj^ foi' combinations where i ^ k. By 
linear independence of the projections E in Alg*(£') Aj must be zero; contradiction. 
The last proof also shows the following lemma. 

Lemma 8.5. The vectors {pg)g^G Q P{G) are linearly independent. 

Every G-algebra (A, a) is endowed with a ^-homomorphism tt : Go(Ai) = 
C*{E) -G ZAi(A) given by 7 r(e)(a) = ae(a) for all e G E and a G A. If G 
has a unit than A is a Go(A')-algebra in the sense of Kasparov [71 Definition 1.5]; 
but this extra property is unimportant in this note. 

Definition 8.6. We define (cf. Kasparov [71 Definition 1.6]) the balanced tensor 
product A (g)^ E of two G-algebras A and E as the quotient of A Z)max B divided 
by the relations e(a) ®h = a® e{b) for all e G G, a G A and b G E. 

Definition 8.7. Let f be a G-Hilbert H-module. Then L^{G,£) := i'^{G) £ 

is a G-Hilbert 5-module, where denotes the Go(Ai)-balanced exterior tensor 
product as defined by Le Gall [51 Definition 4.2] (or in this case equivalently, the 
internal tensor product ®Co{x))- 

Lemma 8.8 (Cf. Lemma 2.3 of |5]). If £i and £2 are G-Hilbert A-modules which 
are isomorphic as Hilbert A-modules then L^(G,£i) and L^(G,f 2 ) are isomorphic 
as G-Hilbert A-modules. 

Proof. Let u G C{£i,£2) be a unitary operator. Note that gg~^ G C{£i) commutes 
with u for all g G G since u is A-linear and = ^gg~^{o-) for fol f € 

£i,a G A. Then it can be checked that V : Lf{G,£i) -G Lf{G,£2) given by 
V{ipg (g) ffj := ipg (g> gug~^{ff) defines an isomorphism of G-Hilbert A-modules. We 
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show that V is G-equivariant. For h G G we have 

h{V{(pg^^)) = hipg ^ hgug~^h~^h{^) 

= (fihg ^ hg{u){h{^)) 

= V{h{ipg^^)), 

because h~^h G C{£i) commutes with gug~^ G £(£i,£ 2 )- 

For the inner product note that ((pg, iph) = f ^ finite set F C E with 

fg = fh and / < gg~^hh~^ by Lemma 15751 so that 

{V{ifg®^),V{^ph®g)) = ^ f ® {f9ug~^f{0Jhuh-^f{jg)) 

feF 

= {£g®^,£h®ri)- 


□ 


Corollary 8.9 (Cf. Theorem 2.4 of [9]). Let £ he a G-Hilbert A-module whieh is 
eountably generated and full as a Hilbert A-module. Then L^(G, is isomorphie 
to L‘^(G,A)°° by a G-equivariant isomorphism of Hilbert A-modules. 

Proof. Same proof as in Mingo and Phillips [9], Theorem 2.4, but by applying 

Lemma 15^ instead of 0 Lemma 2.3]. □ 

Corollary 8.10 (Cf. Corollary 2.6 of [9]). Let (A, a) be a G-algebra and suppose 
that A has a strietly positive element. If p G M{A) is a full G-invariant projection 
thenp ®\^ Im(A)®^m(Kg) (Murray-von Neumann equivalenee) inM.{A®^ 
K-q) by a G-invariant partial isometry. 

Proof. The proof of the original goes verbatim through. The usage of the balanced 

tensor product instead of (8) is obligatory. □ 
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